In this paper, we establish real 
Introduction
In the last few years there has been a great interest to real Paley-Wiener theorems for certain integral transforms, see [15] for an overview references and details for this question.
In this paper we consider the Dunkl operators T j , j = 1, ..., d, which are the differentialdifference operators introduced by C.F.Dunkl in [5] . These operators are very important in pure Mathematics and in Physics. They provide a useful tool in the study of special functions with root systems (see [6] .) C.F.Dunkl in [7] (see also [8] ) has studied a Fourier transform F D , called Dunkl transform defined for a regular function f by 
This paper is arranged as follows:
In the second section we recall the main results about the harmonic analysis associated with the Dunkl operators.
The third section is devoted to study the functions such that the support of their Dunkl transform are compact, and to establish the real Paley-Wiener theorems for F D on the Schawrz space S(IR d ). In the fourth section we characterize the functions in S(IR d ) such that their Dunkl transform vanishes outside a polynomial domain.
In the fifth section we give a necessary and sufficient condition for functions in L 2 k (IR d ) such that their Dunkl transform vanishes in a disc.
We study in the sixth section the functions such that their Dunkl transform satisfies the symmetric body property, and we derive a real Paley-Wiener type theorem for these functions.
2 Harmonic analysis associated for the Dunkl operators.
In the first two subsections we collect some notations and results on Dunkl operators, the Dunkl kernel and the Dunkl intertwining operators (see [6] , [7] , [8] ).
2.1
Reflection groups, root system and multiplicity functions
We consider IR d with the euclidean scalar product < ., . > and ||x|| = x, x . On I C d , ||.|| denotes also the standard Hermitian norm while for all
A finite set R ⊂ IR d \{0} is called a root system if R ∩ IR.α = {α, −α} and σ α R = R for all α ∈ R. For a given root system R the reflection σ α , α ∈ R, generate a finite group W ⊂ O(d), the reflection group associated with R . We denote by |W | its cardinality. All reflections in W correspond to suitable pairs of roots. For a given β ∈ IR\α ∈ R∪H α , we fix the positive subsystem R + = {α ∈ R / α, β > 0}, then for each α ∈ R, either α ∈ R + or −α ∈ R + . A function k : R −→ I C on a root system R is called a multiplicity function if it is invariant under the action of the associated reflection group W . If one regards k as a function on the corresponding reflections, this means that k is constant on the conjugacy classes of reflections in W . For abbreviation, we introduce the index
Moreover, ω k denotes the weight function
which is W −invariant and homogeneous of degree 2γ. We introduce the Mehta-type constant
Remark For d = 1 and W = Z 2 , the multiplicity function k is a single parameter denoted γ > 0 and we have ∀ x ∈ IR, ω k (x) = |x| 2γ .
2.2
Dunkl operators-The Dunkl kernel and the Dunkl intertwining operator 
In the case k = 0, the T j , j = 1, ..., d, reduce to the corresponding partial derivatives. In this paper, we will assume throughout that k ≥ 0 and γ > 0.
where
with ∇f the gradient of f.
For y ∈ IR d , the system
admits a unique analytic solution on IR d , denoted by K(x, y) and called Dunkl kernel. This kernel has a unique holomorphic extension to
If d = 1 and W = Z 2 , the Dunkl kernel is given by
, j α is the normalized Bessel function of index α defined by
with J α is the Bessel function of first kind and index α.
The Dunkl kernel possesses the following properties
and for all x, y ∈ IR d :
iii) For all x, y ∈ IR d and g ∈ W we have K(−ix, y) = K(ix, y), and K(gx, gy) = K(x, y).
iν) The function K(x, z) admits for all x ∈ IR d and z ∈ I C d the following Laplace type integral representation
where µ x is a probability measure on IR 
The Dunkl intertwining operator
where µ x is the measure given by the relation (14) . The operator V k satisfies the following properties i)We have
ii)The operator V k is a topological isomorphism from E(IR d ) onto itself satisfying the transmutation relation
(See [16] ).
The Dunkl transform
Notations. We denote by
We give in the following some properties of this transform.
ii) For all f in S(IR d ) we have 
, with q the conjugate component of p. 
This distribution satisfies the following properties
In the following T f will be denoted by f .
Proof For all ϕ ∈ S(IR d ) we have
Thus
. By derivation under the integral sign and by using the inequality (11), we deduce that the function f is entire on I C d and of exponential type. On the other hand the relation (27) can also be written in the form
Thus from Theorem 2.
From Theorem 2.6 ii) there exists S ∈ E ′ (IR d ) with support in the ball B(o, a) of center o and radius a, such that
On the other hand as
Thus from (28), for all ϕ ∈ D(IR d ) we have
Thus using (22) we deduce that
On the other hand (29) implies
But from Theorem 2.2 we deduce that
Thus the relations (30),(31) imply S = T hω k .
This relation shows that the support
2.4 The Dunkl translation operator and the Dunkl convolution product
Example Let t > 0, we have
The operator τ y , y ∈ IR d , can also be defined on E(IR d ) by
(See [17] ). At the moment an explicit formula for the Dunkl translation operator is known only in the following two cases. 1 st cas : d = 1 and W = Z 2 . For all f ∈ C(IR) we have
( 
This convolution is commutative and associative and satisfies the following properties.
(See [13] ).
ii) Let 1 ≤ p, q, r ≤ +∞, such that 
Functions with compact spectrum
First we recall that the spectrum of a function is the support of its Dunkl transform. We begin this section by the following definition. 
Proof
We suppose that ||g|| k,2 = 0, otherwise R g = 0 and formula (39) is trivial. Assume now that g has compact support with R g > 0. Then
Thus we deduce that lim sup
On the other hand, for any positive ε we have
.
We prove now the assertion in the case where g has unbounded support. Indeed For any positive N, we have
This implies that lim inf
Definition 3.3. We define the Paley-Wiener spaces
The real L 2 -Paley-Wiener theorem for the Dunkl transform can be formulated as follows
On the other hand from Theorem 2.3 we deduce that
Thus using Proposition 3.2 we conclude that F D (g) has compact support with
On the other hand from Theorem 2.3 we have
Proof
We deduce the result from Theorem 3.4 ii) and Theorem 2.8.
Remark
We notice that the only difference between P W
is the extra requirement of polynomial decay to help ensure that
The real Paley-Wiener theorem for the Dunkl transform of functions in the preceding spaces is the following
since g has polynomial decay, and by Theorem 3.4 the function F D (g) has compact support with
ii) We deduce the result from the i).
Dunkl transform of functions, with polynomial domain support
Let P (x) be a non-constant polynomial. 
with T = (T 1 , ..., T d ).
The proof is divided in several steps. In the following three steps we suppose that
First step: In this step we shall prove that lim sup
• Let 2 ≤ p < ∞. Applying Proposition 2.4 we obtain
• Suppose now that 1 ≤ p < 2. Hölder's inequality gives
Consequently for all n ∈ IN, we deduce that
On the other hand from Proposition 5.1 of [9] we have, the following relation:
where Q µ (t 1 , ..., t p ), S µ (t 1 , ..., t p ), p = 1, ..., |µ| and P µ (t 1 , ..., t |µ|−1 ), S µ (t 1 , ..., t |µ|−1 ) are polynomials of degree at most |µ|,with respect to each variable. From this relation and by induction one can show that
with supp ϕ n ⊂ supp F D (f ) and ||ϕ n || k,2 ≤ C 1 , where C 1 is a constant independent of n. Hence, from the previous inequalities we deduce that
Thus lim sup
• Let now p = ∞. From the relation (22) We have
On the other hand, from Cauchy-Schawrz's inequality we obtain
where C 0 is a positive constant. Combining the previous inequalities and replacing f by P (iT ) n f , we deduce that there exists a positive constant C such that
Consequently,
Thus from (44), (50) and (52) we have lim sup
Second step: In this step we want to prove that
As P is a continuous function, there exists a neighborhood U x 0 such that
From Theorem 2.3 we deduce that
where 1 Ux 0 is the characteristic function of U x 0 . Thus
This inequality implies,
(|P (y)|−ε).
(54) But ε can be chosen arbitrarily small, thus from (53) and (54) the relation (40) follows for p = 2. Third step: In this step we shall prove that
Since f ∈ S(IR d ), the iteration of the relation (7) implies the relation
Hence, by Hölder's inequality,
Consequently
Applying now the relation (40) with p = 2, we conclude that
We replace in formula (56) the function f by P (iT )f and we obtain
Using (58) and (60) we deduce that
Then formulas (61) and (53) give (40). Thus we have proved the theorem under the condition (41). 
Remark
A disc is a polynomial domain. A polynomial domain may be unbounded and nonconvex, for example
We have the following result. 
Remark i) If we take P (y) = −||y|| 2 , then P (iT ) = △ k , and Theorem 4.1 and Corollary 4.3 characterize functions such that the support of their Dunkl transform is a ball.
ii) Theorem 4.1 and Corollary 4.3 generalize also the result obtained in [3] .
Dunkl transform of functions vanishing on a Ball
The following theorem gives the radius of the large disc on which the Dunkl transform of functions in L 2 k (IR d ) vanishes every where.
We consider the sequence
Remark
The function E n is the Gauss kernel associated with Dunkl operators. From [11] p. 2424, we have
Proof of Theorem 5.1 First we remark that from (37) the function f n is well defined. We assume that ||f || k,2 > 0, otherwise the result is trivial. To prove (64) it is sufficient to verify the equivalent identity lim
Using (66) and (37) we deduce that the Dunkl transform of f n (x) is exp(−n||ξ|| 2 )F D (f )(ξ). Then by applying Theorem 2.3 we obtain 
